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Abstract 

We provide a very simple proof for the existence of the thermodynamic 
limit for the quenched specific pressure for classical and quantum dis- 
ordered systems on a d-dimensional lattice, including spin glasses. We 
develop a method which relies simply on Jensen's inequality and which 
works for any disorder distribution with the only condition (stability) 
that the quenched specific pressure is bounded. 
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1 Introduction, definitions and results 



In this paper we study the problem of the existence of the thermodynamic 
limit for a wide class of disordered models defined on finite dimensional lat- 
tices. We consider both the classical and quantum case with random two- 
body or multi-body interaction. The classical case has been studied in various 
places (see for example |U 00111 and jS]). In [I] and [7j the quantum case 
with pair interactions has also been considered. Here we deal only with the 
quenched pressure and using only thermodynamic convexity and a mild sta- 
bility condition we give a very simple proof of the existence and monotonicity 
of the quenched specific pressure. A result in the same spirit for classical spin 
glasses has been obtained in [T| by using an interpolation technique intro- 
duced in j2 El- The present work extends the results of [I] not only to the 
quantum case, but also to the classical case with a non zero mean of the 
interaction and to the continuum spin space. 

We shall treat the classical and quantum cases in parallel. In the classical 
case to each point of the lattice % G 7L d we associate a copy of the spin space 
S, which is equipped with an a priori probability measure /z. We shall denote 
this by Si. In the quantum analogue we associate to each i e Z d a copy of 
a finite dimensional Hilbert space TC, denoted by Hi and a set of self-adjoint 
operators, spin operators, on Hi- 

Following (see also |HIj), we define the interaction in the following way. 
In the classical case for each finite subset of Z d , X, we let Sx '■= XiexSi and 
{&x I J n x} is a finite set of bounded functions from Sx to K which are 
measurable with respect to the product measure on Sx- In the quantum 
case each $^jP is a self-adjoint element of the algebra generated by the set 
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of operators, the spin operators on Hx '■= ®iex7~Li- Without loss of gener- 
ality we set $0 = 0. In both cases we take the interaction to be translation 
invariant in the sense that if r a is translation by a G Z d , then 

n TaX = n x and <Z>^ X = T a <S> x ] for j G n X - (1) 

We now define the random coefficients. For each X let {Jjp \ j G n x } be a 
set of random variables. We assume that the J^p ' s are independent random 
variables and that J^Jx an d JjP nave t ne same distribution for all a G Z d . 
We shall denote the average over the J's by Av[-]. 

Let A C Z d be a finite set of a regular lattice in d dimensions and denote by 
|A| = N its cardinality. We define the random potential as 

U A (J,^) ■■= J2 J2 J x^x ■ (2) 

XCA j£n x 

We stress here that the distributions of the J^'s are independent of the 
volume A. This characterizes the short range case, such as the Edwards- 
Anderson model. In mean field (long range) models, such as the Sherrington- 
Kirkpatrick model in which the Hamiltonian sums over all the couples (N 2 
terms), the variance of J^p has to decrease like A" 1 in order to have a well 
defined thermodynamic behaviour and in particular a finite energy density. 
The complete definition of the model we are considering requires that we 
specify also the interaction on the frontier <9A, i.e. boundary conditions. 
However, standard surface over volume arguments imply that if the quenched 
specific pressure for one boundary condition converges, then it also converges 
for all other boundary conditions. Therefore to prove the convergence of the 
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quenched specific pressure it is sufficient to consider the free boundary con- 
dition. Thus in the sequel we shall assume the free boundary condition and 
prove that in this case the quenched pressure is monotonically increasing in 
the volume. 

We would like to emphasize the fact that in the classical case, our results are 
not restricted to the situation when the space S consists of a finite number of 
points. Here we also want to cover the case of continuos spins and therefore 
we shall keep the classical and quantum cases separate. Of course both cases 
can be covered simultaneously in a C* algebra setting but for the sake of 
simplicity we shall not take this route. 

Examples: 

1. Classical Edwards- Anderson model 

S = { — 1, 1}, //(<7j) = \o~{(?i + 1) + \5{o~i — 1). The interaction is only 
between nearest neighbours: &ij(<Ji,(jj) = a^j for \i — j\ = 1, $x = 
otherwise. To ensure that the specific pressure is bounded it is enough 
that 



More generally one may consider a long range interaction with <&jj(<7j, Oj) = 
OiOjjR{\i — j\) with a sufficient condition for boundedness, for example 



or a many-body interaction with a suitable decay law. One can also 
add a (random) external field. 



Avp^-I] < oo. 



(3) 



Av [J j] = and 





4 



We refer the reader to lj for more classical examples. 

2. Quantum Edward-Anderson model 

7i = C 2 . The spin operators are the set of the Pauli matrices: Oi 
{of t of, at) 
I 



a 



1 \ / -i \ / 1 

av= \ az= \ 

10/ \ i / \ -1 



(5) 

which commutation and anticommutation relations 

[o?,a?)=2ie a fral (6) 

{o?,of} = 28ap (7) 

The interaction is again only between nearest neighbours: $>ij(ai, aj) = 
Oi ■ o~j = erf o-j + of aj + af a? for \i — j\ = 1, <3>x = otherwise. 
A transverse field $i(<7j) = a\ can also be added. One can have an 
asymmetric version with local interaction 

where «I>/ y (rr ( . ) = of cr?, $^.((7;, cr,) = erf oj and <I>; ^a,. a ; ) = of oj. 
As in Example 1 one may consider a short range interaction with a 
suitable decay law. 

Notation: We shall use the notation Tr to denote both the classical expec- 
tation over S N with the measure n(da) = Y[f=i ^(dai) and the usual trace in 
quantum mechanics on the Hilbert space ®f =l 7i. 

Definition 1 We define in the usual way: 



1. The random partition function, Z\(J), by 

Z A (J) := Tre^W*) , (9) 

2. The quenched pressure, Pa, by 

P A := Av[lnZ A (J)] , (10) 

3. The quenched specific pressure, p A , by 

(»> 

We are now ready to state our main theorem: 

Theorem 1 If all the J^p 's with \X\ > 1 have zero mean then the quenched 
pressure is super additive: 

n 
s=l 

Let ||$x (I denote the supremum norm in the classical case and the operator 
norm in quantum case. For the case when the J^p 's do not have zero mean 
we have the following corollary: 

Corollary 1 Let 

Pa = Pa+ Ei^^lll^ll- (13) 

JCCA, \X\>1 j£n x 

Then Pa is superadditive. 

Theorem ^ combined with the boundedness of the specific pressure is suffi- 
cient to ensure the convergence of the specific pressure in the thermodynamic 
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i«2> 


ii^ii 




X 





< oo. 



limit (see for example [5| Chapter IV) in the case when all the Jyp 's with 
\X\ > 1 have zero mean. In the case when the J-p 's do not have zero mean 
we have to add to Corollary Q the condition 

o== E E 

X90, \X\>lj€n x 

This implies that 

li m 1 y y la^lll^ll = C 

A^oo N ^ ^ I A III X II 

XCA, |X|>1 jSnx 

and therefore the convergence of the specific pressure 

To prove the boundedness of the specific pressure we need the following 
stability condition (cf jH]). Let 



(14) 



(15) 



and 



-EE 

XBOjEnx 



EE 

XlOjenx 



Av 


"i T U)\ 
\ J x \ 




\X 





(16) 



Av 


\ J X \ 


W^xf 


\X 





(17) 



Definition 2 We shall say that the random potential U(J, $) is stable if it 
is of the form 

U A (J, $) = U A (J, $) + U\(J , $) (18) 

where all the J^p 's and j^p 's are independent, the jjp 's have zero mean 
and \\U\\i and \\U\\2 are finite. 

With this definition we shall prove in the next theorem that the specific 
pressure is bounded. Note that the stability condition in Definition 2 implies 
that C as defined in (|14j) is finite since C < ||t/||i. 



Theorem 2 For a stable random potential the quenched specific pressure is 
bounded. 

In the next section we prove the theorems. 

2 Proof of the Theorems 

We start with the following definition. 

Definition 3 Consider a partition of A into n non empty disjoint sets A s : 

n 

A=|jA s , (19) 

8=1 

A s n A s , = . (20) 

For each partition the potential generated by all interactions among different 
subsets is defined as 

n 

Ua:=U a -Ys U ^ ■ ( 21 ) 

s=l 

[From (J2J it follows that 

ua = E E J x®i ] (22) 

XeC A j£n x 

where C\ is the set of all X C A which are not subsets of any A s . 

The idea here is to eliminate from the partition function. We shall use 

the following three lemmas. 

Lemma 1 Let X\,.. .X n be independent random variables with zero mean. 
Let F : M. n \— > R be such that for each i = 1, . . . , n Xi i— > F(x\, . . . x n ) is 
convex, then 

E[F(X u ...X n )]>F(0,...0) (23) 
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where E denotes the expectation with respect to X 1 , . . . X n . 

Proof: This follows by applying Jensen's Inequality to each Xi successively. 
□ 

The following two lemmas are related to the thermodynamic convexity of the 
pressure. 

Lemma 2 Let /i be a probability measure on a space Q, and let A and 
B 1 , . . . ,B n be measurable real valued functions on fl. Then 



E 



log / exp < A(a) + J2 x i B M) \ Kda) > log / exp[A(a)]n(da). 
Jn [ i=1 J Jn 

(24) 



Proof: We just have to check that if 

F(x u . . .x n ) = log J exp | A(a) + ^ XjB^a) j n(da) 

then Xi I— > F(xi, . . . x n ) is convex. Let 

(r) = In C ( a ) ex P { A ( a ) + TJU XiBj(a)} fijda) 

[ } - J^wiA^ + ^xMa)} ^(da) " 1 } 

Then, computing the derivatives, we have 

dF 

s: = w (26) 



and 

d 2 F 



dxf 
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[B*)-(B t ) 2 = ((B t -mf)>0. (27) 

□ 



The next lemma is the quantum analogue of the previous one. 
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Lemma 3 LetH. be finite- dimensional Hilbert space, andletA andBi, 
be self-adjoint operators on H. Then 



E 



> log Tr exp A. 



logTr expiA + ^X.Bi 

i=l 

Proof: Again we just have to check that if 

n 

F(x 1 ,...x n ) = logTr exp^A + ^XiBi), 



i=l 



then Xi t— > F(xi, . . . x n ) is convex. The first derivative gives 

dF 



where 



with 



dxi 



(C) :- 



(Bi) 



TrCe 



-H 



Tr e 



-H ' 



i=l 



-H = A + ^2 X i B i 
i- 

while, for the second derivative, we have 

8 2 F 



OX: 



(Bi, Bi) - (Bi)' 



where (•, •) denotes the Du Hamel inner product (see for example jlOj ) 

Tr Jo 1 ds e- sH C*e^ H D 



(C,D) :-- 



Tr e 



-H 



By using the fact that (C, 1) = (C) and (1, D) = (D) we see that 
d 2 F 



dxi 



{B i -{B i ),B i -{B i ))>Q. 



10 



Proof of Theorem [T] 



Let us assume first that all the J-jp 's with \X\ > 1 have zero mean. 



Pa = Av [ In Tr exp U\ 
= Av 



lnTrexp(5> As + £ £ jf^ 

XeC A j€n x 



,s=l 



(34) 



Note that C A does not contain any X with \X\ = 1. Applying Lemma 121 
(resp. Lemma El) for the classical (resp. quantum) case with A = Yl™=i Ua s 
and Bi = $%\n= Exee A n x we get 



Pa > Av 



In Tr exp ( Uj\ 



E Av [ In Tr exp U As ] = E P Aa . (35) 

□ 



s=l 



8=1 



Proof of Corollary [T] 



Here we relax the condition that all the J's have zero mean. Let := 



Av 



J 



V) 



x 



and := J% — for |X| > 1 so that J^' has zero mean and 



fO) 



jf : = if |X| = 1. Let 



XcA jen x 



U%>{J,*):= E E ("v'^v' + Kv'lll^v 

XcA, |X|>1 j&ix 



JSixM) i i-O') i II <t>0) i 



and 



Then 



f/ A (J,$) :=f/| 1) (J,$) + f/| z; (J,<l»). 



(2), 



c/ a (j,$) = [/ a (j,$) 



E Ei^iii^i 

XcA, |X|>1 j€nx 



(36) 
(37) 

(38) 
(39) 
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Thus Pa is the pressure corresponding to U\(J, $). One can then see that 

Pa is super- additive by treating the terms in P A ] (J, $) as before since each 

7(i) 
'x 



has zero mean, except possibly if \X\ = 1, and by using the fact that all 



the terms in P A 2 ( J, $) are positive (cf JU]). In the quantum case we need 
the inequality 

Tre (A+B) > Tre A (40) 

if P is a positive operator. 

□ 

Proof of Theorem 2 

For the proof in the classical case is given in |HJ. Here we modify that proof 
to cover the quantum case. /From the Bogoliubov inequality 

Tr (A — B) e B , m - □ Tr M - P) e A 

— V - p < lnTre A -lnTre i? < — V - / 41 

with A = U A (J, $) and P = we get 

TrP A (^$)e c/A(J '* ) 



logZ A (J) -AHogdimft < 



Tre^W*) 
Tr P A (J, <£) e^W^ Tr P A ( J, $) 



~ ~ ~ TrP A fJ $)e UA ( J ' 0S > 

^ IHW.*)II + • < 42 > 



Now 

Av 



||Pa(P$)||J <iV||P(P$)||i. (43) 
For the other term we use the identity for A and P self-adjoint 

[ dt(A-(A) t ,A-(A) t ) t (44) 
Jo 



TrAe A+B Tr Ae B 
Tr e A+B Tre B 
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where {-) t and (•, -) t denote the mean and the Du Hamel inner product re- 
spectively with respect to H = —(tA + B). The Du Hamel inner product 
satisfies 

(C, C) < -(C*C + CC*)^ < \\C\\ 2 . (45) 
2 

Therefore 

Tr A e A+B TiAe B All All2 

^OT-^^ 4||A "- (46) 
With A = j j x ¥ x and B = U A (J, $) - J j x ¥ x we get 

XcAien x 

^ E E TrJ * $ 



+4EEi^i'ii* 

XcAjen x 



J II 2 

x\\ • 



(47) 



Thus since U\(J, $) — * s independent of J x and Av 



7 J 



0, 



Av 



< 4 E E Av [\ j0 A ii^n 2 ^ 4iV ii^ J > *)H2- 

(48) 



Therefore 

Pa < AQogdimft + \\U(J, Q)^ + 4\\U(J, $)\\ 2 2 ). (49) 

□ 
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